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system in a small transverse magnetic field can be calculated penurbatianally for arbitrary 
S. The results a r e  exact, in contrast lo those obtained previously in the same limit by 
indirect and rather difficult methods. 

A quantum spin with the easy-axis anisotropy in a transverse field h described by the 
Hamiltonian 

X= -0s: - hS, (1) 

is an example of a tunnelling system consideration which may be in some respect more 
convenient than that of a particle tunnelling in an external potential due to the finiteness 
of the spectrum of the spin operator and the simplicity of matrix elements. Recently 
the spin tunneiiing problem has drawn ihe atiention oiresearchers [i-51, who caicuiated 
the tunnelling splitting of the ground and excited states degenerate pairwise in the 
case h = 0. Among the theoretical methods applied to the spin tunnelling problem were 
the instanton technique based on a semiclassical representation of the spin system [2], 
as well as the WKB method [3] and the instanton technique [ 5 ]  with a mapping onto 
a particle problem. These methods applicable in the limit S >> 1 are rather involved, 
muuumg LIML 01 ~ 2 ,  w ~ ~ e r e  ~ O ~ ~ ~ ~ U C L ~ U U I I  wa> IC>LIIUCU LU LUF c.dx n ,, JU. 

Here I will show that in the small field limit the problem may be solved in an 
elementary way for arbitrary S with the help of perturbation theory. Indeed, the 
tunnelling splitting AEm of two degenerate states with spin projections i m  appears, 
minimally, in the 2mth order in h / ( S D )  (see e.g., [6]): 

!~..,..>:-- .L.. ^ P  r -7  ... L... ---.:_I ---. :-.. ---. ..:-.-A .^ .L̂  ^^^^ L,, o n  

where 

/, = [ ( S - M ) ( S + l  +M)]'" and EM = -DMi.  
The product ( 2 )  may be easily calculated: 
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One can check that (4) gives correct results for low spin values, which may be obtained 
by other methods: 

s = 1 / 2  P E , / , =  h 
s= 1 A € ,  = h 2 / D  

s = 312 A E , / , = 2 h  and A E , l Z = 3 h ’ / ( 8 D 2 )  
s = 2  h E ,  = 3 h 2 / D  and P E , =  h ‘ i ( 1 2 0 7  

etc. In the large spin limit (S >> 1) our result (4) for the ground state splitting with the 
help of the Stirling formula simplifies to 

For highly excited levels ( S -  m, m >> 1) (4) reduces to 
2 m  2 0  me2”’ ( S + m ) ” + l / 2 t m  A E  e-- - T (2m)4“ ( S - m )  

Now we can compare our results with those obtained by other authors. Namely, 
the ground state splitting PE, calculated in 121 for h 6 SD with the help of the instanton 
technique coincides in the limit h a  SD with ( 5 ) .  The result of [3] obtained with the 
help of a mapping onto a particle problem may be, after some rearrangement, represen- 
ted in the form (6) with the replacement S + m - S + ( l / Z ) + m .  For highly excited 
levels it coincides with (6), and for the ground state ( m  =S) differs from ( 5 )  by a 
factor ( e / ~ ) ” ~ = 0 . 9 3 ,  which is the artefact of the WKB approximation. In the cases 
S - 1 or m - 1 the method used in [ 3 ]  fails. It is worth noticing that the approximate 
method of [ 3 ]  requires extensive calculations whereas, as we have seen, in the same 
small field limit ( h  G SD)  the general and exact results may be obtained in an elementary 
way. In fact, these results are complementary to those of [ 2 ]  corresponding to the case 
h s S D ,  S>>l .  

Similarly, one can calculate the level splitting in the other situation described by 
the Hamiltonian 

~ = - D s : + B s ; .  (7) 
For S half integer the level splitting is obviously zero, and for S integer in the limit 
B e  D the result is 

AE,,, = 8 0  ( S + m ) ! ( x ) m  
[ ( m - l ) ! ] ’ ( S - m ) !  16D 

Again, for S >> 1 the ground state splitting PE,,  which simplifies to 
5 

AEs = sDs’/2 T l / 2  ($) (9) 

coincides with the result of [ 2 ] .  

References 

[I] van Hemmen J L a n d  Siita A 1986 Europhys. Loll. I 481-90, Physieo 1418 31-75 
[2] Enr M and Schilling R 1986 1. Phys. C: SolidSlorc Phys. 19 L711-5; 1765-70 
[3] Scharf G,  Wreszinrky W R and van Hemmen J L 1987 J. Phyr. A: Math. Gen. 20 4309-19 
[4] Zaslavskii 0 B 1990 Phys. Left 149A 471-5 
[5] Landau L D and Lifshitr E M 1965 Quanfum Mechanics (Oxford: Pergamon) 


